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m�“�%2!  …= ƒ…=�,2��(…/L C!%�!�““ "/�,“-
�,2��(…%L 2�.…,*, C%“���…,. ��2,  C!%K���= 
-%!�,!%"=…,  ,ƒ%K!=›�…,L pq  ̀ " !�=�(…%� 
�=“+2=K� "!���…, C%-C!�›…��3 %“2=�2“  =*23-
=�(…%L. 

q =��%!,2�,��“*%L 2%�*, ƒ!�…,  =��%!,2�/ 
-%!�,!%"=…,  !=�,%�%*=�,%……/. ,ƒ%K!=›�…,L 
(pkh),  C!��“2="� &2 “%K%L %�…%��!…/� ,�, 
�"3��!…/� …�“2=�,%…=!…/� ,�, “2=�,%…=!…/� 
(“"�!2*,) C!�%K!=ƒ%"=…,  *%�C��*“…/. �=““,-
"%". d�  “�3�= ,  *%��= =��%!,2� "%““2=…%"��…,  
!=�,%�%*=�,%……/. ,ƒ%K!=›�…,L %C,“/"=�2“  
C%“���%"=2��(…%“2(& %�…%��!…/. C!%���3!  
�,-!%"%L “"�!2*, “ …�*%L %C%!…%L -3…*�,�L 
,ƒ"�“2…%  %�!%�…%� *%�,��“2"%  “C%“%K%" C%“2!%-
�…,  “%%2"�2“2"3&?,. K/“2!/. =��%!,2�%". 

o%�,�%  ,“C%�(ƒ%"=…,  .--�*2,"…/. *�=“-
“,��“*,. &K/“2!/.[ =��%!,2�%" "/�,“��…,  
�,-!%"/. %�…%��!…/. , �"3��!…/. �,…�L…/. 
, �,*�,��“*,. “"�!2%* [1,2] " 2�.…,*� pq  ̀C%�3-
�,�, +,!%*%� !=“C!%“2!=…�…,� !=ƒ�,�…/� =��%-
!,2�/,  %“…%"=……/� …= 2�. ,�, ,…/. 3C!%?�…,-
 . %C%!…%L -3…*�,, [3-6]. d=……/L C%�.%� �=“2%  
C%ƒ"%� �2 C%�3�,2( “…,›�…,� "/�,“�,2��(…%L 
“�%›…%“2, =��%!,2�= -%!�,!%"=…,  ,ƒ%K!=›�-

…,  " pq  ̀ƒ= “��2 �%C3“2,�/. C%2�!( " *=��“2"� 
%K!=K%2*,. }--�*2,"…/L C32( “…,›�…,  "/�,“-
�,2��(…/. ƒ=2!=2 " .2%� “�3�=� C%,“* "%ƒ�%›-
…%“2, “%��2=…,  .--�*2,"…/. &“2!3*23!…/.[ 
��2%�%" C%“2!%�…,  K/“2!/. =��%!,2�%" “ ,��-
�L &3�%K…%�%[ “ "/�,“�,2��(…%L 2%�*, ƒ!�…,  
C!��“2="��…,  “,�…=�%".

b [3-7,9] K/�%  !=““�%2!�…%  …�“*%�(*%  .--�*-
2,"…/. =��%!,2�%" “,…2�ƒ=,  %“…%"=……/. …= ,“-
C%�(ƒ%"=…,, *"=…2%"=…,  -=ƒ/ %C%!…%L -3…*-
�,, (“%%2"�2“2"3&?=  K,K�,%�!=-,  …= !3““*%� 
 ƒ/*� C!,"���…= " [9]). b .2,. “�3�= . *%�C��*“-
…/� %2“��2/ %C%!…%L -3…*�,, C!��“2="��…/ " 
",�� …=K%!= *%…“2=…2,  3�…%›�…,� %2“��2%" “,�-
…=�= …= *%2%!/� !�=�,ƒ3�2“  %��…( C!%“2%. Š=-
*%L ��2%� %K!=K%2*, “,�…=�%" …=ƒ/"=&2 “2=2,-
��“*,� "�*2%!…/� *"=…2%"=…,��. n�…=*%  �,“�%  

Ðèñ.1. b�*2%!…%� *%�,!%"=…,� %2“��2%" pkh
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2=*,. &3�%K…/.[ *%…“2=…2 " C%�� *%�C��*“…/. 
�,“��,  *%�C%…�…2/ *%2%!/. ���/�,  %�!=…,��…%. 
b“���“2",� .2%�%,  %C%!…=  -3…*�,  �,+( C!,-
K�,›�……%  “%%2"�2“2"3�2 %C2,�=�(…%L. b%ƒ�%›-
…/� !�+�…,�� C!%K���/ " �=……%� “�3�=� K/�%  
K/ 2=*%� C!��“2="��…,� “,�…=�=,  C!, *%2%!%� 
�,“�%  2=*,. &3�%K…/.[ *%…“2=…2 K/�%  K/ �%“2=-
2%�…/� ��  %C2,�=�(…%�%  "%““2=…%"��…,  pkh. 

o3“2( …=K%!  2=*,. 3�%K…/. *%…“2=…2 C!��-
“2="� �2 “%K%L �…%›�“2"%  "�*2%!%" { },iP i=1,N
…= *%�C��*“…%L C�%“*%“2,,  !="…%��!…%  ��� -
?,. ��,…,�…3& %*!3›…%“2( (p,“.1). r�…%›�…,� 
*%�C��*“…%�%  �,“�= …= %�,… ,ƒ "�*2%!%" �=……%-
�%  �…%›�“2"=,  C!,"%�,2 * C%"%!%23 .2%�%  �,“�= 
…= *%�C��*“…%L C�%“*%“2, …= “%%2"�2“2"3&?,L 
3�%�. )2%K/ "/�,“��…,� …%"%�%  *%�C��*“…%�%  
�,“�=,  …� 2!�K%"=�%  C�!�“��2= ��%  *%�C%…�…2,  
…3›…%,  �2%K/ .2%  �,“�%  �%›…%  K/�%  C!��“2=-
",2( “3��%L "�*2%!%" �=……%�%  �…%›�“2"=. Š%��= 
3�…%›�…,� …= �&K%L ,ƒ K=ƒ,“…/. "�*2%!%",  �&-
K%�%  *%�C��*“…%�%  �,“�= C!,"���2 * �,*�,��“-
*%�3 “�",�3 “%%2"�2“2"3&?,. *%.--,�,�…2%". 
Š.�.,  C!���=�=�2“  C!��“2=",2( *=›�/L *%�C��*-
“…/L %2“��2 �%�%�!=��/ pq  ̀" ",�� (1),  = %C%!-
…3& -3…*�,& " ",�� C%“���%"=2��(…%“2, "�*2%-
!%" C%"%!%2%" …= *%�C��*“…%L C�%“*%“2,.

i
1

,  
N

i i
i

z
=

= α α ∈∑ P Z� . (1)

b �=……%L “2=2(� C%“���%"=2��(…%  !=““�=2!,-
"=�2“  C!,��…�…,� .2%L ,��, ��  C%“2!%�…,  
=��%!,2�%" “,…2�ƒ= pkh. q…=�=�= !=““�=2!,-
"=�2“  2=*%� C!��“2="��…,� 2%�(*%  ��  %C%!…%L 
-3…*�,, (“2=2,��“*%� "�*2%!…%� *"=…2%"=…,�),  
�“2�“2"�……%  C!, .2%� C%"%!%2 “%C!%"%›�=�2-
“  C�!�“��2%� *%%!�,…=2,  ƒ=2�� %K%K?=�2“  
�=……/L C%�.%� " ",�� “%%2"�2“2"3&?��%  C!��-
“2="��…,  *%�C��*“…/. %2“��2%" �%�%�!=��/. 

o!���=�=��/� =��%!,2�/ C!��…=ƒ…=��…/ ��  
=ƒ,�32=�(…%L %K!=K%2*, “,�…=�%" " pq`,  %�…=-
*%,  �“�, " *=��“2"� ƒ%…�,!3&?��%  “,�…=�= pkq 
,“C%�(ƒ3�2“  k)l ,�, -=ƒ%�=…,C3�,!%"=……/L 
“,�…=�,  2%  C%�3��……/� =��%!,2�/ �%�32 K/2( 
,“C%�(ƒ%"=…/ , ��  %K!=K%2*, C%  �=�(…%“2,.

1. Ïðèìåíåíèå ñòàòè÷åñêîãî 
âåêòîðíîãî êâàíòîâàíèÿ ñèãíàëîâ 

1.1. Îáðàáîòêà ñèãíàëîâ 
ñ ïðèìåíåíèåì ìåòîäà 

ñòàòè÷åñêîãî êâàíòîâàíèÿ

a/“2!%��L“2",� �,-!%"%L “,“2��/ %K!=K%2*, 
" “3?�“2"�……%L ��!� ƒ=",“,2 %2 ��2%�= C!��-
“2="��…,  “,�…=�%" C!, *"=…2%"=…,,. d�  C%"/-
+�…,  C!%,ƒ"%�,2��(…%“2, "%ƒ�%›…%  ,“C%�(ƒ%-
"=…,� ��2%�= "�*2%!…%�%  *"=…2%"=…,  (*%�,!%"=-
…, ) “,�…=�%",  %“…%"=……%�%  …= ����…,, �=……/. 
…= K�%*,-"�*2%!/.

o!, “2=2,��“*%� "�*2%!…%� *"=…2%"=…,, "�*-
2%!/ �=……/. “!="…,"=&2“  “ "�*2%!=�, *%�= 
��  %C!�����…,  2%�%,  *=*%L "�*2%!  *%�= …=-
,K%��� K�,ƒ%* * "�*2%!3 �=……/. " “%%2"�2“2",, 
“ …�*%2%!/� *!,2�!,�� *=��“2"=. b�*2%!  *%�= 
ƒ=2�� ,“C%�(ƒ3�2“  ��  C!��“2="��…,  "�*2%!= 
�=……/.. d�  .!=…�…,  , %K!=K%2*, �=……/. pq  ̀
�%“2=2%�…%  ,“C%�(ƒ%"=2( …%��!= "�*2%!%" *%�=. 
o!�,�3?�“2"%  "�*2%!…%�%  *"=…2%"=…,  C!% "-
� �2“  " 2%�,  �2%  *%�,��“2"%  "�*2%!%" *%�= �%-
›�2 K/2( ƒ…=�,2��(…%  ��…(+� *%�,��“2"= "�*-
2%!%" �=……/.,  = 2=*›� " 2%�,  �2%  "�*2%!/ *%�= 
�%�32 K/2( C!��"=!,2��(…%  %K!=K%2=…/ ��  C%-
�3��…,  “����…2%" ,ƒ%K!=›�…, . d�  C%�3��…,  
!�ƒ3�(2,!3&?��%  ,ƒ%K!=›�…,  �%“2=2%�…%  C!%-
,ƒ"�“2, “3��,!%"=…,� …=�%›�……/. “����…2%".

Ðèñ. 2. t=ƒ= %C%!…%�%  “,�…=�= C!, “2=2,��“*%� "�*2%!…%� *"=…2%"=…,,
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j=* “���3�2 ,ƒ [11] =ƒ,�32=�(…=  %K!=K%2*= 
C!, “,…2�ƒ� pkh " *=›�%� *=…=�� �=�(…%“2, 
“"%�,2“  * %C!�����…,& -3…*�,, *%!!�� �,, 
C!,…,�=��%�%  , %C%!…%�%  “,�…=�%":

1
*

0

( ) ( ) ( ) .
CN

T
p

J q S p q h p
−

=

= + ⋅∑ ��   (2)

nC%!…/L “,�…=� �%›…%  C!��“2=",2( " ",�� 
*%�C��*“…%�%  "�*2%!=

*( ) exp( ( )),h p j p= ϕ

��� ( )pϕ  $  -=ƒ= %C%!…%�%  “,�…=�=.
o!, *"=…2%"=…,, -=ƒ/ %C%!…%�%  “,�…=�= “ !="-

…%��!…/� +=�%� 2 /Kπ  ,����:

2
( ) ( ),p i p

K

π
ϕ =

C!,��� ( ) 0,1,2..., 1i p K= − .
b,� -=ƒ%"%L .=!=*2�!,“2,*, K�ƒ =CC!%*“,-

�=�,, , “ =CC!%*“,�=�,�L C!, 8K =  C!,"���… 
…= !,“3…*� 2. o%  %“, =K“�,““ %2�%›�…/ …%��!= 
%2“��2%" “,�…=�=,  C%  %“, %!�,…=2 $  "��,�,…= 
( )i p .
b/.%�…%L “,�…=� “,“2��/ %K!=K%2*, ƒ=C,+�2-

“  " ",��:
1

0

2
( ) ( ) exp ( ) .

CN

T
p

J q S p q j i p
K

−

=

π⎛ ⎞= + ⋅ ⎜ ⎟
⎝ ⎠

∑ ��  (3)

b %2�,�,� %2 ,“.%�…%�%  "/!=›�…,  (2) " (3) 
2!=�*2%!…/L “,�…=� 3�…%›=�2“  �,+( …= K !=ƒ-
�,�…/. ƒ…=��…,L %C%!…%�%  “,�…=�=. o!, CK N<<  
,���2“  "%ƒ�%›…%“2( ƒ…=�,2��(…%L .*%…%�,, 
"/�,“��…,L.

nK!=ƒ3�� �=“2,�…/� “3��/ C%  p C!, C%“2%-
 ……%� i :

( )

( )

2
( ) ( ( ) ) exp

2
exp ( ( ) ),

i T
p i

T
p i

J q S p i q j i
K

j i S p i q
K

π⎛ ⎞= + ⋅ =⎜ ⎟
⎝ ⎠

π⎛ ⎞= +⎜ ⎟
⎝ ⎠

∑

∑

��

�
  (4)

���  ( )p i $ -3…*�, ,   %K!=2…=  -3…*�,, ( )i p .
g=2�� " “%%2"�2“2",, “ (2.2) %KA��,…,� �=“-

2,�…/� “3��/:
1 1

0 0

2
( ) ( ) ( ) exp ,

K K

i i
i i

J q J q q j i
K

− −

= =

π⎛ ⎞= = σ ⋅ ⎜ ⎟
⎝ ⎠

∑ ∑� � �   (5)

���

( )

( ) ( ( ) ).i T
p i

q S p i qσ = +∑ ��   (6)

b “%%2"�2“2",, “ "/!=›�…,�� (5) *%!!�� �,-
%……=  %K!=K%2*= C!, *"=…2%"=…,, -=ƒ/ %C%!…%-
�%  “,�…=�= ("�*2%!= %C%!…%�%  “,�…=�=) “"%�,2-
“  * “3��,!%"=…,& CN  *%�C��*“…/. %2“��2%" 
2!=�*2%!…%�%  “,�…=�= " K �=“2,�…/. “3��=.,  
3�…%›�…,& C%�3��……/. �=“2,�…/. “3�� …= K 
!=ƒ�,�…/. ƒ…=��…,L %C%!…%�%  “,�…=�= , “3�-

�,!%"=…,& C%�3��……/. K *%�C��*“…/. "�*2%-
!%". o%.2%�3 ��  …=.%›��…,  %�…%�%  %2“��2= 
"/.%�…%�%  “,�…=�= …�%K.%�,�%  C!%,ƒ"�“2, 4K 
%C�!=�,L 3�…%›�…,  , 2( 1) 2CN K− +  %C�!=�,L 
“�%›�…, .

d=�(…�L+��%  3��…(+�…,  *%�,��“2"= %C�!=-
�,L �%›…%  �%“2,�…32( C!, 2kK = ,  ��� k $  ���%� 
�,“�%.

r�,2/"= ,  �2%

2
exp

2

K
j i
K

π⎡ ⎤⎛ ⎞+ =⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

( )2 2
exp exp exp ,j i j j i

K K

π π⎛ ⎞ ⎛ ⎞= ⋅ π = −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

�%›…%  %KA��,…,2( �=“2,�…/� “3��/ ( )i qσ�  C!, i 
, /2i K+  K�ƒ "/C%�…�…,  %C�!=�,L 3�…%›�…, :

1
2

'

0

2
( ) ( ) exp

K

i
i

J q q j i
K

−

=

π⎛ ⎞= σ ⋅ ⎜ ⎟
⎝ ⎠

∑� � ,   (7)

���  '

2

( ) ( ) ( )i i K
i

q q q
+

σ = σ − σ� � � .

d=��� 3�2�� 2=*›�,  �2%
2

exp
4

K
j i
K

π⎡ ⎤⎛ ⎞+ =⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
2 2

exp exp exp
2

j i j j j i
K K

π π π⎛ ⎞ ⎛ ⎞ ⎛ ⎞= ⋅ =⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

,

, %KA��,…,� “3��/ ' ( )i qσ�  C!, i , /4i K+  2=*›� 
K�ƒ "/C%�…�…,  %C�!=�,L 3�…%›�…, :

1
4

''

0

2
( ) ( ) exp

K

i
i

J q q j i
K

−

=

π⎛ ⎞= σ ⋅ ⎜ ⎟
⎝ ⎠

∑� � ,  (8)

���  '' ' '

2

( ) ( ) ( ).i i K
i

q q j q
+

σ = σ + σ� � �

o%"2%!    C!%��““  %KA��,…�…, ,   C!,.%�,� 
*  k -*=“*=�…%L “.��� “3��=2%!= �=“2,�…/. “3�� 

2( log )k K= . b *=›�%� n -%� *=“*=�� “3��,!%"=-
…,  “%��!›=2“  /2n

nK K=  C=!=����(…%  "*�&-
��……/. �"3.".%�%"/. *%�C��*“…/. “3��=2%!%". 
o�!"/� ".%�/ *=›�%�%  i-�%  “3��=2%!= n-�%  *=“*=-
�= “%��,…�…/ “ "/.%�%� i -�%  “3��=2%!= ( 1)n − -�%  
*=“*=�= …�C%“!��“2"�……%.  b2%!/� ".%�/ *=›�%�%   
i - �%  “3��=2%!= n -�%  *=“*=�= “%��,…�…/   “ "/-
.%�%� ( )ni K+ -�%  “3��=2%!=  ( 1)n − -�%  *=“*=�= 
��!�ƒ -=ƒ%"!=?=2��( …= 2 /2nπ  !=�,=….

q2!3*23!…=  “.��= *%!!�� 2%!= “ ,“C%�(ƒ%-
"=…,�� ��2%�= “2=2,��“*%�%  "�*2%!…%�%  *"=…2%-
"=…,  C!, 8K =  C!,"���…= …= !,“3…*� 3. g��“( 
1 $  !��,“2!  “�",�=;  2 $  3“2!%L“2"%  *%��32=�,, 
-=ƒ/;  3 $  K�%* %K!=K%2*,;  4 $  C!��"=!,2��(-
…/L “3��=2%!;  5 $  K�%* %KA��,…�…, ;  6 $  �"3.-
".%�%"/� *%�C��*“…/� “3��=2%!/;  7 $  -=ƒ%"!=-
?=2��( …= 2 /2nπ  !=�,=….
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o%! �%* “%��,…�…,  %2"%�%" !��,“2!= “�",-
�= 1 “ ".%�=�, C!��"=!,2��(…/. “3��=2%-
!%" 4 ƒ=�=�2“  C!, …=“2!%L*� -,�(2!= …= 
ƒ=�=……/L “,�…=�. o!, …=“2!%L*� -,�(2!= 
��  *=›�%�%  n -�%  *%�C��*“…%�%  %2"%�= !�-
�,“2!= “�",�= %C!���� �2“  ƒ…=��…,� -=ƒ/ 

( )nϕ  , …%��!  [ ( ) /2 ]i Round n K= ϕ ⋅ π ,  “%%2"�2“-
2"3&?��%  C!��"=!,2��(…%�%  *%�C��*“…%�%  “3�-
�=2%!=. t3…*�,  Round(X) %C!���� �2 ���%� 
�,“�%,  K�,›=L+�� * X .

d�  %��…*, "/�,“�,2��(…/. ƒ=2!=2 =��%!,2-
�= “%  “2=2,��“*,� "�*2%!…/� *"=…2%"=…,�� 
"%ƒ(��� ƒ…=��…,� 8K = . o!, 2=*%� K %2…%“,-
2��(…%� C=��…,� �=*“,�3�= “›=2%�%  “,�…=�= C%  
“!="…�…,& “%  “�3�=�� “%��=“%"=……%L %K!=K%2*, 
…� C!�"/+=�2 2%,  = 3!%"�…( K%*%"/. ��C�“2*%" 
…� "/+�,  ��� C!, “%��=“%"=……%L -,�(2!=�,,,  
2%  �“2( =CC!%*“,�=�,   "� �2“  "�“(�= 2%�…%L.

b .2%� “�3�=� ,���� 2!, *=“*=�= %KA��,…�-
…, ,  C!,��� 3�…%›�…,� 2!�K3�2“  �,+( " C%“-
���…�� *=“*=��:

'' ''
0 1( ) ( ) ( ) exp .

4
J q q q j

π⎛ ⎞= σ + σ ⋅ ⎜ ⎟
⎝ ⎠

� � �

r�,2/"= ,  �2%  3�…%›�…,� …= ( )exp /4jπ  2!�-

K3�2 �"= "�?�“2"�……/. “�%›�…,  , �"= "�?�“-
2"�……/. 3�…%›�…, ,  C%�3�=��,  �2%  C!, 8K =  
2!�K3�2“  2( 1) 2 2C CN N− + =  %C�!=�,L "�?�“2-
"�……%�%  “�%›�…,  , "“��%  �"� %C�!=�,, "�?�“2-
"�……%�%  3�…%›�…, .

1.2 Àëãîðèòì ñòàòè÷åñêîãî 
âåêòîðíîãî êâàíòîâàíèÿ

 ñ ðåêóðñèåé

o!, ,“C%�(ƒ%"=…,, =��%!,2�= “ *"=…2%"=……%L 
-=ƒ%L 3�=�%“( �%K,2(“  “3?�“2"�……%�%  “%*!=-
?�…,  "/�,“�,2��(…/. ƒ=2!=2. n�…=*%  %KA�� 
"/�,“��…,L �%›…%  �?� ƒ…=�,2��(…%  “%*!=2,2(,  
�“�, C!%=…=�,ƒ,!%"=2( %C�!=�,,,  “%"�!+=��/� 
" C!��"=!,2��(…/. “3��=2%!=. C!, %K!=K%2*� 
“,�…=�=.

q%��!›,�%� i -�%  C!��"=!,2��(…%�%  “3��=-
2%!= " j -%� �,*�� “3��,!%"=…,  %C!���� �2“  
"/!=›�…,��:

1

,
R

j j
i ri

r

S S
=

= ∑   (9)

1

,
rN

j j
ri nri

n

S x
=

= ∑   (10)

��� R $  *%�,��“2"%  3�=“2*%" 2!=�*2%!…%�%  “,�-
…=�=,  ,��&?,. -=ƒ3 ( )iϕ ;  j

riS  $  “3��= %2“��2%" 
".%�…%�%  “,�…=�= …= r -%� ,…2�!"=��;  j

nrix  $  ƒ…=-
��…,  ".%�…%�%  “,�…=�=,  C%C=�=&?,� …= r -/L 
,…2�!"=�;  rN  $  *%�,��“2"%  %2“��2%" ".%�…%�%  
“,�…=�=,  C%C=�=&?,. …= r -/L ,…2�!"=�.
m= ( 1)j + -%� �,*�� “3��,!%"=…,  " !��,“2!� 
“�",�= C!%,“.%�,2 C�!���?�…,� "“�. %2“��2%" 
…= %�…3 2%�*3 "C!="%  C%  !,“3…*3. Š%��= “3�-
�= %2“��2%" ".%�…%�%  “,�…=�= …= r -%� ,…2�!"=�� 
ƒ=C,+�2“ :

1 1
( 1) 1

1 1

( 1) 1( ),

r r

r

r

N N
j j j j j
ri nri nri N ri ri

n n

j j j
ri N ri ri

S x x x x

S x x

+ +
+

= =

+

= = + − =

= + −

∑ ∑
  (11)

2%  �“2( ��  C%�3��…,  “3��/ riS  …= ( 1)j + -%� 
�,*�� …3›…%  * “3��� …= j -%� �,*�� C!,K=",2( 
%2“��2 ".%�…%�%  “,�…=�= “ …%��!%� ( 1)rN +  , %2-
… 2( C�!"/L %2“��2. hƒ “!="…�…,  -%!�3� (2.9) 
, (2.10) ",�…%,  �2%  *%�,��“2"%  %C�!=�,L “�%›�-
…,  …= r -%� ,…2�!"=�� “%*!=2,�%“( “ ( 1)rN −  
�%  �"3..

q2!3*23!…=  “.��= C!��"=!,2��(…%�%  “3��=-
2%!= C!, ,“C%�(ƒ%"=…,, !�*3!“,, ,ƒ%K!=›�…= 
…= !,“3…*� 4. g��“( 1 $  �"3.".%�%"/L “3��=2%!,  
2 $  !�*3!“,"…/L “3��=2%!,  3 $  R -".%�%"/L 
“3��=2%!. p�*3!“,"…/L “3��=2%!  %2�,�=�2“  

Ðèñ. 3. q2!3*23!…=  “.��= *%!!�� 2%!= “ *"=…2%"=…,�� -=ƒ/ 
%C%!…%�%  “,�…=�=
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%2 %K/�…%�%  2��,  �2%  “3��= " …�� %K…%"� �2-
“  �,+( C!, C�!���?�…,, �=……/. " “�",�%"%� 
!��,“2!�. }2%  “���=…%  ��  C%�="��…,  “=�%"%ƒ-
K3›��…, . j ".%�=� “3��=2%!%" 1 C%�*�&��…/ 
“ C%�%?(& K�%*= *%��32=�,, -=ƒ/ 2� "/.%�/ 
!��,“2!= “�",�=,  *%2%!/� “%%2"�2“2"3&2 *%…�3 
(+) , …=�=�3 ($) 3�=“2*%" C%“2% ……%L -=ƒ/.

b �=�(…�L+,. !=““3›��…, . K3��� “�,2=2(,  
�2%  *%�,��“2"%  ,…2�!"=�%" “ C%“2% ……%L -=ƒ%L 
!="…%  R ��  *=›�%L -=ƒ/. }2%�%  ���*%  �%“2,�(,  
�“�, …�…=�…%�%  3"��,�,2( ��,…3 ,…2�!"=�= “,…-
2�ƒ,!%"=…, .

o%�“�,2=�� %K?�� *%�,��“2"%  %C�!=�,L “3�-
�,!%"=…,  C!, ,“C%�(ƒ%"=…,, !�*3!“,"…/. 
C!��"=!,2��(…/. “3��=2%!%". b *=›�%� ,ƒ 
K C!��"=!,2��(…/. “3��=2%!%" "/C%�… �2“  
2 ( 1) 3 1R R R+ − = −  *%�C��*“…/. %C�!=�,L “3�-
�,!%"=…,  ��  C%�3��…,  �=“2,�…%L “3��/,  
= C!, %KA��,…�…,, �=“2,�…/. “3�� 2!�K3�2“  
�?� 1K −  *%�C��*“…/. %C�!=�,L “3��,!%"=…, . 
nK?�� *%�,��“2"%  *%�C��*“…/. %C�!=�,L “3�-
�,!%"=…,  !="…%:

(3 1) ( 1) 3 1.R K K KR− ⋅ + − = −  (12)

1.3 Ìîäèôèöèðîâàííûé àëãîðèòì ñ 
ðåêóðñèåé

o!%,ƒ"���� �=�(…�L+,� C!�%K!=ƒ%"=…, . o%�-
“2=",� (11) " (9):

+ +
+

= =

+
= =

= = + − =

= + −

∑ ∑

∑ ∑

1 1
( 1) 1

1 1

( 1) 1
1 1

.

r

r

R R
j j j j j
i ri ri N ri ri

r r

R R
j j j
i N ri ri

r r

S S S x x

S x x

  (13)

q2!3*23!…=  “.��= C!��"=!,2��(…%�%  “3��=-
2%!=,  “%%2"�2“2"3&?=  "/!=›�…,& (13),  C!��-
“2="��…= …= !,“3…*� 5. nK%ƒ…=��…,  2� ›�,  �2%  
, …= !,“3…*� 4. m= C�!"/L R -".%�%"/L “3��=-
2%!  C%�=&2“  %2“��2/ “,�…=�=,  “%%2"�2“2"3&-

?,� *%…�=� 3�=“2*%" “ !="…%L -=ƒ%L,  = …= "2%-
!%L $  “%%2"�2“2"3&?,� …=�=�=� 3�=“2*%".

b *=›�%� ,ƒ K C!��"=!,2��(…/. “3��=2%!%" 
"/C%�… �2“  2( 1) 2 2R R− + =  *%�C��*“…/. %C�-
!=�,L “3��,!%"=…,  ��  C%�3��…,  �=“2,�…%L 
“3��/,  C!, %KA��,…�…,, �=“2,�…/. “3�� 2!�-
K3�2“  �?� 1K −  *%�C��*“…/. %C�!=�,L “3��,-
!%"=…, . nK?�� *%�,��“2"%  *%�C��*“…/. %C�!=-
�,L “3��,!%"=…,  !="…%: 

2 ( 1) (2 1) 1.R K K K R⋅ + − = + −  (14)
d�  �=�(…�L+��%  3��…(+�…,  *%�,��“2-

"= %C�!=�,L “!="…,� “,�…=�/ " �"3. “%“��…,. 
C!��"=!,2��(…/. “3��=2%!=.. m= ( 1)j + -%� +=�� 
" i -%� “3��=2%!� "/�,2=&2“  %2“��2/ 1

j
rix ,  “%-

%2"�2“2"3&?,� …=�=�=� 3�=“2*%" “ !="…%L -=ƒ%L 
…= j -%� +=��. }2, ›� “=�/� %2“��2/ “%%2"�2“-
2"3&2 *%…�=� 3�=“2*%" “ !="…%L -=ƒ%L " ( 1)i +
-%� “3��=2%!�,  2%  �“2( 1 ( 1) ( 1)r

j j
ri N r ix x + +=

Š%��= "/!=›�…,� (13) �%›…%  C�!�C,“=2( ��  
( 1)i + -�%  “3��=2%!= 2=*:

+
+ + + + +

= =

+ +
= =

= + − =

= + −

∑ ∑

∑ ∑

1
1 1 ( 1) ( 1) 1 ( 1)

1 1

1 1 1 ( 1)
1 1

.

r

R R
j j j j
i i N r i r i

r r

R R
j j j
i ri r i

r r

S S x x

S x x

  (15)

j=* ",�…%,  “3��= 1
1

R
j
ri

r

x
=
∑ ,  "/�,“� ��=  " (13),  

,“C%�(ƒ3�2“  , " (14). o%.2%�3 "/�,“��…,  ƒ��“( 
�%›…%  “%*!=2,2(,  C�!��="=  !�ƒ3�(2=2 "/�,“-
��…,  .2%L “3��/ ,ƒ i -�%  C!��"=!,2��(…%�%  
“3��=2%!= " ( 1)i + -L. q2!3*23!…=  “.��= K�%*= 
C!��"=!,2��(…/. “3��=2%!%",  C%“2!%�……=  “ 3��-
2%� "/!=›�…,  (15),  ,ƒ%K!=›�…= …= !,“3…*� 6.

g��“( 1 $  C!��"=!,2��(…/L “3��=2%!,  2 $  R -
".%�%"/� *%�C��*“…/� “3��=2%!/,  3 $  �"3.".%-
�%"/� “3��=2%!/,  4 $  !�*3!“,"…/� “3��=2%!/.

n��…,� "/�,“�,2��(…/� ƒ=2!=2/ …= …=.%›��-
…,� %�…%�%  %2“��2= "/.%�…%�%  “,�…=�=. b C�!-
"%� C!��"=!,2��(…%� “3��=2%!� "/C%�… �2“  

Ðèñ. 4. o!��"=!,2��(…/L “3��=2%! Ðèñ. 5. l%�,-,�,!%"=……/L C!��"=!,2��(…/L “3��=2%!
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2( 1) 2 2R R− + =  *%�C��*“…/. %C�!=�,L “3��,-
!%"=…, ,  "%  "“�. %“2=�(…/. $  ( 1) 2 1R R− + = +  
%C�!=�,L. q 3��2%� %C�!=�,L,  …�%K.%�,-
�/. …= %KA��,…�…,� �=“2,�…/. “3��,  ,���� 
2 ( 1)( 1) ( 1) ( 2) 2R R K K K R R+ + − + − = + + −  *%�C-
��*“…/. %C�!=�,L “3��,!%"=…, .

`��%!,2�,  " *%2%!%� C%�…%“2(& 3“2!=…�…= 
,ƒK/2%�…%“2( !�*3!“,"…%�%  "/�,“��…,  �=“2,�-
…/. “3��,  %“3?�“2"� &?,L !�*3!“,& …�C%“-
!��“2"�……%  C%  *%�C��*“…%�3 pkh,  C!,"���… 
" [6,9,10]. b .2%� =��%!,2�� �%C%�…,2��(…%  C!��-
C%�=�=�2“  “,���2!,  -=ƒ/ %C%!…%L -3…*�,, 
pq`.

1.4 Ñðàâíåíèå âû÷èñëèòåëüíûõ 
çàòðàò ðàçëè÷íûõ àëãîðèòìîâ

o%�“�,2=�� *%�,��“2"%  2=*2%" “,“2��/ %K!=-
K%2*,,  …�%K.%�,�/. ��  C%�3��…,  %�…%�%  "/-
.%�…%�%  %2“��2=. m3›…%  3�,2/"=2(,  �2%  %C�!=-
�,, “�%›�…,  , 3�…%›�…,  ,��&2 !=ƒ…%� "!��  
"/C%�…�…, . d�  !=“��2%" C!,���:

3,3�…

“�%›

n

n
=

��� 3�…n  $  *%�,��“2"%  2=*2%" …= "/C%�…�…,� %C�-
!=�,, 3�…%›�…, ;  1“�%›n =  $  *%�,��“2"%  2=*2%" 
…= "/C%�…�…,� %C�!=�,, 3�…%›�…, .

m= !,“3…*=. 7 , 8 C!,"���…/ ƒ=",“,�%“2, 
"/�,“�,2��(…/. ƒ=2!=2 !=ƒ…/. =��%!,2�%" %2 
��,…/ ,…2�!"=�= “,…2�ƒ,!%"=…,  CN . j!32,ƒ…= 
-=ƒ%"%L .=!=*2�!,“2,*, "ƒ 2= 2=*%L ›�,  *=* …= 
!,“3…*� 2.

2. Îáðàáîòêà â áàçèñå âåêòîðîâ 
ïîâîðîòà 

p=““�%2!�……/� " C!��/�3?,. !=ƒ���=. =�-
�%!,2�/ ,“C%�(ƒ3&2 "�*2%!…%� C!��“2="��…,� 
*%�C��*“…/. %“2��2%" �,+( �=“2,�…%,  C%.2%-
�3 %…, ,��&2 %�!=…,��…,� …= 3"��,��…,, �,“�= 
"�*2%!%" C%"%!%2=. p=““�%2!,� C!��“2="��…,� 
" K=ƒ,“� "�*2%!%" C%"%!%2= …� 2%�(*%  %C%!…%L 
-3…*�,,,  …%  , %2“��2%" ,“.%�…%L �%�%�!=��/. 
o%“*%�(*3,  “ C!=*2,��“*%L 2%�*, ƒ!�…, ,  !=ƒ-
! �…%“2( %K/�…%�%  C!��“2="��…,  *%�C��*“…/. 
�,“�� , C!��“2="��…,  (1) …� �%�›…/ “3?�“2-
"�……%  %2�,�=2(“  �!3� %2 �!3�=,  C%�%›,� N 
!="…/� �,“�3 !=ƒ! �%" C!��“2="��…,  !�=�(-
…%L ,�, �…,�%L �=“2, %K/�…%�%  �,-!%"%�%  *%�-
C��*“…%�%  �,“�=. o%“*%�(*3 �,“�%  !=ƒ! �%" %�-
!=…,��…%,  2%  C!��“2="��…,  (1) , ,x jy+ x,y ∈ Z
�%�›…/ K/2( .*","=��…2…/,  2.�. C!, %�,-!%"*� 

{ }0,1α = . )2%K/ C!��“2=",2(,  *=* “%%2…%“ 2“  
.2, C!��“2="��…, ,  %2%K!=ƒ,� �…%›�“2"%  Q ,  
.����…2%" (1) " ",�� 2%��* …= *%�C��*“…%L C�%“-
*%“2, ��  !=ƒ�,�…%�%  N .

q�3�=L 4N = “%%2"�2“2"3�2 %K/�…%�3 ���%-
�,“��……%�3 C!��“2="��…,& *%�C��*“…%�%  �,“�=. 
l/ ",�,� " .2%� “�3�=�,  �2%  �,“�%  &3�%K…/.[ 
�,“�� ƒ��“( !="…%  4-�. b 2%  ›� "!��  C!, 3N =  
�,“�%  2=*,. *%.--,�,�…2%" !="…%  6. nK?,� 
��  .2,. K=ƒ,“%",   "� �2“  2%,  �2%  C!, α ∈ Z 
�/ K3��� ,��2( !="…%��!…3& “�2*3 *"=…2%"=-
…, . Š.�. �=……/� C!��“2="��…, ,  �%�32 K/2( �%-
“2=2%�…%  C!%“2%  !�=�,ƒ%"=…/ " ",�� �,…�L…/. 
`0o. n�…=*%  “�3�=L 3N =  "� �2“  ��  …=“ 
K%��� C!��C%�2,2��(…/�,  C%“*%�(*3 C%ƒ"%� -
�2 !�=�,ƒ%"=2( “,…2�ƒ pkh K�ƒ 3�…%›�…,L C!, 
C!��“2="��…,, %C%!…%L -3…*�,, 6-& (C!%2," 4-.) 
�!=�=�, �, -=ƒ/.

j “%›=��…,&,  C!��“2="��…,  C!,  4N >   �=…- 
…/� “"%L“2"%� …� %K�=�=&2. m= p,“. 9 , p,“. 10 
C%*=ƒ=…/ “�3�=,,  *%��=  5N =   ,  6N =   “%%2-
"�2“2"�……%.   o%   .2,�  !,“3…*=�   �%›…%   %2��2,2(,  
�2%  C!, 6N =   �,“�%   "�*2%!%" ��…(+�,  ��� �,“-
�%  C�!�K%!= *%.--,�,�…2%" " "/!=›�…,, (1). Š.�. 
�=……%� C!��“2="��…,� …�  "� �2“  %�…%ƒ…=�…/�. 
n�…%ƒ…=�…%“2( 2=*%�%  C!��“2="��…,  “" ƒ=…= “%  
“"%L“2"=�, C%��L ���/. , *%�C��*“…/. �,“��. 
qC%“%K%� C�!�K%!= K/�%  3“2=…%"��…%  ,…2�!�“-
…%� “"%L“2"%  2=*%�%  C!��“2="��…, ,  = ,��……%

“%%2"�2“2",� ���%�%  �,“�= 
1

2
N

i
i

i

n
=

= α ⋅∑ , *%�C-

��*“…%�%  �,“�= z� ,  ƒ=�=……%�%  "/!=›�…,�� (1),  
�%“2,�=�2“  C!, N ,   "� &?��%“  %�…,� ,ƒ �,-
“�� l�!“�……= (2.�. �,“�= C!��“2=",�/� " ",��: 

Ðèñ. 6. a�%* C!��"=!,2��(…/. “3��=2%!%"
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Ðèñ. 8. q!="…�…,� "/�,“�,2��(…/. ƒ=2!=2 !=ƒ�,�…/. =��%!,2�%" “%  “2=2,��“*,� "�*2%!…/� *"=…2%"=…,�� -=ƒ/
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The Fast SAR Processing Algorithms on the Base Declaration of the Signals
 in the Basis of Turning Vectors 

O.V. Goriachkin, V.V. Prokudin 

The problem of  real-time high-resolution SAR imaging is actually for numerous applications of  remote sensing. A lot 
of  effective fast algorithms for SAR imaging are known today. In most cases the algorithms provide a reduction of  
computation cost as a result of  simplification SAR imaging algorithms or/and reduction of  spatial resolution. Often it is 
consequence of  the migration or azimuth variation of  the SAR signal parameters that are typically for high resolution 
SAR. In the paper authors propose to use specific declaration of  the SAR signals in basis of  N turning vectors. The 
declaration provides the followed digital processing without complex  multiplications and sometimes the increasing of  an 
accuracy of  the SAR processing. In the paper we also analyze sequentially different algorithms based on the approach.  
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